In this work we look at the quantum dynamics of the process known as either transport without transit (TWT), or coherent transfer of atomic population (CTAP), of a Bose-Einstein condensate from one well of a lattice potential to another, non-adjacent well, without macroscopic occupation of the well between the two. This process has previously been analysed and in this work we extend those analyses by considering the effects of quantum statistics on the dynamics and entanglement properties of the condensate modes in the two relevant wells. In order to do this, we go beyond the mean-field analysis of the Gross-Pitaevskii type approach and utilise the phase-space stochastic methods so well known in quantum optics. In particular, we use the exact positive-P representation where it is suitable, and the approximate truncated WIgner representation otherwise. We find strong agreement between the results of these two methods, with the mean-field dynamics not depending on the initial quantum states of the trapped condensate. We find that the entanglement properties do depend strongly on the initial quantum states, with quantitatively different results found for coherent and Fock states. Comparison of the two methods gives us confidence that the truncated Wigner representation delivers accurate results for this system and is thus a useful method as the collisional nonlinearity increases and the positive-P results fail to converge.
Introduction
The possibility of macroscopic matter transport without transit (TWT) of a BoseEinstein condensate (BEC) has been raised by Rab et al [1, 2] and Opatrný and Das [3] . The ideas behind this phenomenon come from the process of Stimulated Raman Adiabatic Passage (STIRAP), originally proposed to transfer atomic population between two atomic levels of a three-level atom without macroscopically populating an intermediate level [4, 5, 6] , and which involves the application of a counter-intuitive sequence of electromagnetic pulses to the atoms. Considering an atomic system with levels denoted by |1 , |2 and |3 , where the object is to transfer population from |1 to |3 , a pulse denoted by K 23 dresses the |2 to |3 transition before a pulse denoted by K 12 is applied to the transition between |1 and |2 . The result when everything works as proposed is that the population is transferred adiabatically from the first to the third state without populating the second.
Since the original proposal for the transfer of population between electronic levels, STIRAP has also been proposed for the conversion between atomic and molecular BEC, where there is one atomic state linked to an excited molecular state and finally a stable molecular state [7, 8, 9, 10, 11] . A related Raman system with trapped BEC was proposed and analysed for a squeezed atom laser [12, 13] , the production of atom-light entanglement [14] , quantum state measurement of an atom laser [15] , and statistics swapping and quantum state transfer [16] .
In this paper we will analyse the process of TWT in a three-well Bose-Hubbard system [17] , consisting of three potential wells in a linear configuration, where the condensed atoms are initially all in one of the end wells and at the final time have been transferred to the well at the other end, without significantly populating the middle well [1] . This system has previously been analysed using a Bose-Hubbard model [1, 2] , and a Gross-Pitaevskii model [1] which includes the spatial extent of the three wells with interactions between the atoms, as well as a Schrödinger equation approach with spatial extent but without interactions [3] . What we add here, by using a phase-space representation approach, is the quantum noise due to both the initial quantum statistics and the interactions, which allows us to calculate any deviations from the mean-field predictions [18, 19] , as well as the quantum correlations between the modes.
with Ω = 10, t p = 400/Ω, E 2 = Ω, and −.005 ≤ χ ≤ 0.005, were found to give good adiabaticity of population transfer, with very little population to be found in mode 2 at any one time. We used a total number of atoms of N A = N 1 + N 2 + N 3 = 200, where N j = â † jâ j . We note here that our Hamiltonian, although written in a slightly different way, is equivalent to that of Rab et al [1] . Figure 1 . Simpified schematic of the three well system. Theâ j are bosonic annihilation operators for atoms in the jth well, the E j are the single-atom energy levels of each well, and the K ij (t) are the time dependent tunnelling strengths between wells i and j.
From the Hamiltonian we proceed in three different manners. The simplest is the Gross-Pitaevskii three-mode approach, which is semi-classical and, despite the fact that the process of condensation depends on quantum statistics, only allows us to calculate the mean field solutions. As has been shown many times, there is no guarantee that these are accurate for interacting atomic systems [21, 18, 19] . In many cases, the preferred option is then to use the positive-P representation [22] , which allows for the exact calculation of normally ordered expectation values for systems described by this type of Hamiltonian, but can suffer from severe stability problems when the interaction term becomes dominant [23, 24] . In cases where the instabilities prove insurmountable, a common option is to turn to the truncated Wigner representation [25] , which allows for the approximate calculation of symmetric expectation values. In this paper we will use and compare the results of all three of these methods. We note here that a recent development is a number-phase Wigner representation [26, 27] , which is an improvement for the modelling of the interaction terms dependent on χ, but has problems with the coupling terms. For this reason, we would not expect it to be an improvement over the truncated Wigner representation for our particular system. We will use the flexibility inherent in these phase space representations to model the initial state of the condensate in the first well as both a coherent state and a Fock state of fixed number [28] , in order to calculate the effects of the initial quantum statistics on both the subsequent dynamics and the quantum correlations of interest.
Phase-space equations of motion and quantum state simulation
The semi-classical equations in the Gross-Pitaevskii approach are well known and can be found by several methods. They are written as
where we have included all the trap ground state energy levels, for generality. These semiclassical equations are useful for calculating the mean-field atom numbers in each well, N j = |α j | 2 , but can lose accuracy for all except short times [19] , and do not allow us to calculate any quantum correlations. To calculate these, we turn to the positive-P and truncated Wigner phase-space representations.
The truncated Wigner equations are found by truncating the third-order derivatives from the Wigner representation Fokker-Planck equation, which are due to the collisional terms in the Hamiltonian. This procedure leads to stochastic differential equations which are identical in form to the semiclassical set above. The difference, which allows us to calculate quantum correlations, is that the initial conditions are taken from the appropriate distribution for the quantum state we wish to consider [29] . We note that a method has been developed to model these third-order derivatives using stochastic difference equations, but that it is even more unstable than the positive-P representation [30] . The truncated Wigner allows us to calculate approximately symmetrically ordered expectation values, such as, for example,
We note here that the line over the variables represents a classical average. In order to develop the equations of motion for the positive-P phase-space variables, we proceed via the standard techniques [31] , mapping the Hamiltonian onto a master equation, then the appropriate Fokker-Planck equations. Following the standard correspondence rules, we find the coupled stochastic differential equations in the positive-P representation, which necessitates six variables in a doubled phase-space to maintain positivity of the Fokker-Planck equation diffusion matrix,
In the above, the η j are normal Gaussian noise terms, such that η j (t) = 0 and
The averaging of the solutions of these equations over many stochastic trajectories approach normally-ordered operator expectation values, with, for example
whenever the integration is stable and converges. The positive-P representation is well known for instability and divergence properties, especially with χ (3) nonlinearities [23, 24] , but we will only be presenting results here where it has reliably converged.
The two initial quantum states which we will use are the Glauber-Sudarshan coherent state, which is the closest quantum state to a classical state of fixed amplitude and phase, and the Fock state, which has a fixed number but totally indeterminate phase [29] . We have chosen these two because, if the TWT is phase dependent, we would expect them to lead to the most different results. Both have been found previously to lead to results for three-well Bose-Hubbard systems which only match the classical predictions for short times [18, 19] , and have been shown to have a marked effect on the dynamics of BEC molecular photoassociation [32, 33, 34] . A coherent state, |α , with coherent excitation α, which includes the vacuum state, |0 , is particularly easy to model in both representations. In the Wigner representation, we choose from the distribution
where the η j are sampled from a normal Gaussian distribution such that η j = 0 and η j η k = δ jk . We readily see that α W = α and |α W | 2 = |α| 2 + 1/2, as required. In the positive-P representation, one of the ways to sample |α is even simpler, with α P = α, α
A Fock state is a little more difficult, especially if we want an exact sampling in the Wigner representation, because it is not then drawn from a positive pseudoprobability distribution. However, as first noted by Gardiner et al [35] , it may be sampled to a close approximation for largish occupation numbers. A Fock state with N quanta can be approximately modelled as (N ≫ 1) by choosing the Wigner variables from the distribution
where
with η being a standard Gaussian noise and ν being uniformly distributed on [0, 1].
In the positive-P representation a Fock state can be sampled from
where γ = (η 1 + iη 2 )/ √ 2, with the η j being normal Gaussian variables, and is easily sampled using the standard methods. The variable µ is found from a Gamma distribution for z = |µ| 2 ,
using a method given by Marsaglia and Tsang [36] , then taking µ = √ z e iθ , where θ is uniform on [0, 2π).
Analysis of entanglement
In the present system we are interested in entanglement between the atomic modes at each site, rather than between individual atoms. In particular, we wish to investigate entanglement between the modes in wells 1 and 3, since these are the two in which the atomic populations are found. In practice this means that we are interested in whether the density matrix of the combination of modes can be written as a combination of density matrices for the individual modes, which follows the original idea as expounded by Schrödinger [37, 38] . For continuous-variable systems, the canonical methods use the system covariance matrix to develop inequalities based on the partial positive transpose criterion [39, 40] , but we have previously found these to not be entirely suitable for systems with a χ (3) nonlinearity, due to rotation of the Wigner function in phase-space [41] , which means that the quadrature angle for best measurement changes dynamically.
We therefore turn to the work of Hillery and Zubairy [42] , which presents a wider range of inequalities, the violation of which can be used to demonstrate two-mode entanglement. Hillery and Zubairy used a Cauchy-Schwarz inequality to show that (using our notation),
means that there exists bipartite entanglement between the atomic modes in wells 1 and 3. For our purposes, we define the function
with the modes being entangled whenever ξ 13 > 0. Hilary and Zubairy show that this is a stronger measure than the Duan-Simon inequalities which are so useful for bipartite Gaussian entanglement, detecting entanglement in cases where it is missed by those measures. The calculation of ξ 13 is very straightforward using the positive-P representation, since it is already written in normal order. We find
The equivalent calculation in the Wigner representation is slightly more complicated, with â †
The use of the two representations will allow us to compare exact with approximate results and establish further the regime of validity of the truncated Wigner approximation for this system.
Quantum dynamics
In order to benchmark our results against what is already available, we have used parameters very similar to those of Rab et al [1] . Our average number of atoms is 200, with these all being found in the first well at t = 0, and we have used Ω = 10, with t p = 400/Ω, and E 2 = 0.1Ω in all our calculations. Setting E 2 > 0 means that the coupling rate out of well 2 into the adjacent wells is higher than that into it, thus helping to keep the well population as low as possible. We change χ and, in our stochastic simulations, the quantum state of the atomic mode in the first well. We find that the Gross-Pitaevskii approach gives good results, with a smooth one way transfer of population, and minimal population of the middle well, over the approximate range −10 −3 ≤ χ ≤ 10 −3 , with the results for atomic number agreeing well with those calculated in the truncated Wigner representation over the full range. The truncated Wigner results for χ = 10 −3 are shown in Fig. 2 . The positive-P representation is not stable over this whole range, giving convergent results over −.5 × 10 −3 ≤ χ ≤ .5 × 10 −3 . The initial quantum state in the first well has no discernible effect on the dynamics. These features, with the accuracy of the Gross-Pitaevskii approach and the independence of quantum state, are different to what we have found previously in two, three and four-well Bose-Hubbard models with normal couplings, and are most likely due to the shorter evolution time of the current model [18, 19] . We note here that the numbers of trajectories over which we integrate the stochastic equations are not the same for each set of parameters. This is for two reasons. The first is that the Fock state results converge with fewer trajectories than the coherent state results, which gives some indication that the natural state of the atoms in the first well is close to a Fock state. The second reason is in the way we write our programs for the stochastic integration, where the number of trajectories is not an input, but depends on how long we leave the programs running.
We next examine the entanglement properties of the system, concentrating on entanglement of the modes in the first and third wells. Entanglement with the middle well is not of interest here, as we require its population to stay as low as possible. It is obvious from inspection of Eq. 13 that it will have a value of zero when one of the modes involved has no atoms in it, or when both modes involved are in coherent states. We therefore expect to find any entanglement to be present during the middle period of the evolution, when the two outside wells are both populated. We note here that, due to the presence of the χ (3) collisional nonlinearity, any entanglement present falls into the category of continuous-variable non-Gaussian entanglement, which has advantages over Gaussian entanglement for some quantum information tasks [41, 43] .
We expect that, to a first approximation, any entanglement will be maximised half way through the TWT process, when the numbers in the first and third wells are equal. If we assume that the quantum states remain the same through the evolution, i.e. the populations in these wells remain in either Fock or coherent states, with the occupation numbers changing, we can find analytic solutions for ξ 13 at this half way point. Although we do not expect these to be exact, they do give a benchmark and also an indication of how much the actual quantum states deviate from those at the beginning. For coherent states in each well, we find that ξ 13 = 0, which any deviation from this meaning that we no longer have two coherent states. For two Fock states with N A /2 atoms in each well, we find ξ 13 = −N 2 A /4, which also does not signify entanglement. This shows that any entanglement detected in this case means that the atoms have not remained in Fock states.
In Fig. 3 we show the results of truncated Wigner simulations for initial coherent and Fock states, both with χ = 10 −3 , as in Fig. 2 . We immediately see that the absolute value of ξ 13 is a maximum for both cases at the half way point, where t = t p /2, and is symmetric about this point. We also see that this measure does not demonstrate entanglement for an initial coherent state, but does for an initial Fock state. Fig. 4 shows the positive-P representation results, for χ = 10 −4 and everything else unchanged. We see that, except for the small amplitude oscillations in the truncated Wigner Fock state result, they are all very similar. These oscillations are presumably artefacts of the approximate nature of both the truncated WIgner equations and the representation of Fock states. Overall, the similarities give us confidence that the truncated Wigner representation is perfectly adequate for a quantum dynamical calculation of this system.
Conclusions and discussion
In conclusion, we have performed both fully quantum and approximate analyses of the process of transport without transit for a three-well Bose-Hubbard type model where all the population is initially in one well. We find that the quantum statistics do not noticeably affect the mean-field dynamics for the representative cases of initial coherent and Fock states. We show that they do become important when we consider the entanglement properties of the system, with the dynamics following from an initial coherent state remaining separable, while an initial Fock state leads to entanglement of the atomic modes in the two end wells.
The fact that the truncated Wigner representation gives results which are virtually indistinguishable from the exact positive-P representation in parameter regimes where the latter converges suggests that it is a perfectly adequate method for the analysis of this system. As well as presenting interesting quantum dynamics, this system is a source of non-Gaussian entangled states which are physically separated and composed of massive constituents. This could well make it useful for fundamental investigations of quantum information science with massive particles. 
